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Abstract: In this paper we study tree-level amplitudes from higher-dimensional oper-
ators, including F 3 operator of gauge theory, and R2, R3 operators of gravity, in the
Cachazo-He-Yuan formulation. As a generalization of the reduced Pfaffian in Yang-Mills
theory, we find a new, gauge-invariant object that leads to gluon amplitudes with a single
insertion of F 3, and gravity amplitudes by Kawai-Lewellen-Tye relations. When reduced
to four dimensions for given helicities, the new object vanishes for any solution of scat-
tering equations on which the reduced Pfaffian is non-vanishing. This intriguing behavior
in four dimensions explains the vanishing of graviton helicity amplitudes produced by the
Gauss-Bonnet R2 term, and provides a scattering-equation origin of the decomposition into
self-dual and anti-self-dual parts for F 3 and R3 amplitudes.
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1 Introduction and Motivations
Higher-dimensional operators in gauge theory and gravity are important for various reasons:
they are of phenomenological interests as potential corrections to Yang-Mills and Einstein
theory; they can appear in effective actions of open and closed strings, and serve as potential
counter terms for UV divergences of loop amplitudes. The simplest gauge-invariant, local
operator that one can add to Yang-Mills action is the F 3 operator,
F 3 ≡ Tr(F νµ F ρν F µρ ) =
1
2
fabc F aνµ F
bρ
ν F
cµ
ρ , (1.1)
where Fµν ≡ F aµνT a is the gluon field strength, and fabc = Tr([T a, T b]T c) the structure con-
stant of gauge group. This operator arises as the first correction to Yang-Mills Lagrangian
F 2 ≡ Tr(FµνFµν), from the α′-expansion of bosonic open string theory [1]. It is the unique,
CP-even dimension-six operator from gauge fields, and it is not supersymmetrizable. The
amplitude produced by F 3 differs significantly from those produced by higher-dimensional
operators in open superstrings. The polarization dependence of the latter is like in Yang-
Mills case, e.g. no contractions of the form (ǫ · k)n [2–4], but amplitudes produced by
F 3 certainly contain such contractions. In this sense, F 3 is the first higher-dimensional
operator with genuinely new polarization structures in the amplitudes.
F 3 operator represents a possible deviation of gluon interactions from those in QCD,
which could be produced by new physics [5–7]. There have been phenomenological studies
on the effect of F 3-modified amplitudes [5–10], which were systematically computed using
MHV vertex expansion in [11] (for BCFW recursions see [12]). In the following we denote
the matrix element with n gluons and a single insertion of F 3 as MF
3
n
1.
1The effective Lagrangian is L = F 2+α′F 3+O(α′2). We strip off the coupling gn−2 for pure Yang-Mills
amplitude MYMn , and 3α
′gn−2 for MF
3
n . The F
3 modifications do not change the group theory structure
of Yang-Mills action, and in particular the color decomposition of MF
3
n is identical to M
YM
n .
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Furthermore, in [13], it has been argued that MF
3
n satisfies a duality between color and
kinematics first proposed for MYMn [14], then double-copy constructions [14] give gravity
amplitudes from the low-energy effective action of the bosonic closed strings, up to O(α′2):
S = − 2
κ2
∫
d4x
√
g
[
R− 2(∂µφ)2 − 1
12
H2 + α′
1
4
e−2φG2 + α
′2e−4φ
( 1
48
I1 +
1
24
G3
)
+O(α′3)
]
,
where G2 is the usual Gauss-Bonnet term that contains two powers of Riemann tensor
and we will refer it as R2, I1 and G3 contain three powers of Riemann tensors (see [13] for
details). If we restrict ourselves to pure gravitons, then at O(α′) the amplitude is produced
by the R2 operator only, but at O(α′2) it receives contribution both from R3 operator as
well as two insertions of R2 operators with exchange of a dilation φ. Nevertheless, in the
following we will refer to gravity amplitudes from the effective action at O(α′) and O(α′2)
as the R2 and R3 amplitudes, respectively.
Equivalent to the double-copy construction, the corresponding amplitudes can be ob-
tained from those in open strings using field-theory limit of Kawai-Lewellen-Tye (KLT)
relations [15]2. Given that MF
3
n is the O(α′) correction to MYMn in open string theory,
MR
3
n at O(α′2) comes from double-copy/KLT of two copies of MF 3n , while MR2n at O(α′)
can be obtained as the double-copy/KLT of MF
3
n with M
YM
n .
In four dimensions, it is natural to split the field strength F into self-dual and anti-self-
dual parts Fµν± = F
µν± F˜µν , and we have amplitudes produced by F 3+ and F 3− accordingly.
The only possible modification to the three-point on-shell gluon amplitudes are the F 3+
amplitude for helicities (−,−,−) and the F 3− one for (+,+,+):
M
F 3+
3 (−,−,−) = 〈1 2〉〈2 3〉〈3 1〉 , M
F 3
−
3 (+,+,+) = [1 2][2 3][3 1] , (1.2)
while for any other helicities F 3 amplitudes vanish. R3 amplitudes at O(α′2) are the squar-
ing of AF
3
3 , and it is important to note that pure graviton amplitudes in four dimensions
are from two copies of gauge-theory amplitudes with identical helicities:
M
R3+
3 (−,−,−) = (〈1 2〉〈2 3〉〈3 1〉)2 , M
R3
−
3 (+,+,+) = ([1 2][2 3][3 1])
2 . (1.3)
On the other hand, R2-modified three-graviton amplitude vanishes for any helicities because
MR
2
3 =M
F 3
3 ×MYM3 and MYM3 is non-vanishing only for (−,−,+) and (+,+,−). In fact,
MR
2
n vanishes for any number of gravitons in four dimensions, because there R
2 is a total
derivative and cannot produce non-vanishing matrix element. This immediately gives a
very interesting relation observed in [13], namely in four dimensions the KLT of MF3n and
MYMn with same helicity configurations must vanish. A similar relation also observed in [13]
is that the KLT of M
F 3
+
n and M
F 3
−
n with same helicities also vanishes:
MF
3
n (ǫ
±)⊗KLT MYMn (ǫ±) = 0 , M
F 3
−
n (ǫ
±)⊗KLT MF
3
+
n (ǫ
±) = 0 , (1.4)
where ⊗KLT means combining two sets of gauge-theory amplitudes via KLT relations re-
viewed below, and every pair of gluons must have polarizations with identical helicity, ǫ±.
For general n, these are highly non-trivial relations or F 3 amplitudes in four dimensions.
2Up to O(α′2) only field-theory KLT relations are needed since the stringy corrections start at O(α′3).
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In this paper we study these amplitudes from higher-dimensional operators in the
Cachazo-He-Yuan (CHY) formulation [16, 17]. It expresses tree-level S-matrices of massless
particles as integrals over the moduli space of punctured Riemann spheres, and naturally
incorporates a large variety of theories [18–20]. As we will review shortly, in the formula
for Yang-Mills or Einstein gravity, the most important ingredient is the reduced Pfaffian
(or determinant) of a matrix Ψn(ǫ), with manifest gauge/diffeomorphism invariance. The
reduced Pfaffian encodes polarization dependence of amplitudes in Yang-Mills, as well as
from higher-dimensional operators of open superstrings.
We will present remarkably simple formulas forMF
3
n ,M
R3
n andM
R2
n , which are related
to each other through KLT/double-copy constructions. The formulas are all based on one
new, gauge-invariant ingredient, Pn, constructed from the same matrix Ψn(ǫ) with mass
dimension higher than the reduced Pfaffian by two. Just as the reduced Pfaffian being the
basic object for gluon amplitudes with supersymmetries, Pn can be regarded as the basic
object for non-supersymmetrizable operators, at least for this lowest dimension.
Furthermore, we study Pn in four dimensions, where any CHY formula naturally be-
comes a sum of contributions from different sectors [21, 22]. Given any helicity configu-
ration, it has been known for some time that the reduced Pfaffian is only non-vanishing
in one particular sector. This reproduces various twistor string formulas for (super)Yang-
Mills and gravity amplitudes [23–27]. As we will see shortly, the reduction of Pn to four
dimensions is very different: it vanishes on exactly that sector where reduced Pfaffian is
non-vanishing 3. In this sense Pn is strictly “orthogonal” to the reduced Pfaffian, which
means that the product of them vanishes in all sectors and cannot produce any non-zero
amplitudes in four dimensions! This is the origin of the vanishing R2 amplitude in four
dimensions, which is the KLT of F 3 and Yang-Mills amplitudes.
Remarkably, we will also learn how self-dual and anti-self-dual parts appear from our
formulas in four dimensions. We find that all the solution sectors that contributes to
F 3 and R3 amplitudes can be naturally divided into two complementary groups; M
F 3+
n and
M
F 3
−
n (similarly M
R3+
n andM
R3
−
n ) are given by the sum of contributions from the two groups
respectively, which also explains their orthogonality. In addition to providing a proof for
(1.4), our formulas show other nice features of F 3 amplitudes in four dimensions as well,
such as the “Parke-Taylor-like” formula for M
F 3
+
n with three negative-helicity gluons [13].
The paper is organized as follows. After briefly review the CHY formulas for Yang-
Mills and gravity as well as KLT relations in section 2, we introduce the new ingredient Pn
which lead to CHY formulas for all these amplitudes from higher-dimensional operators in
section 3. In section 4, we discuss Pn in four dimensions, including its orthogonality to the
reduced Pfaffian, and the split into self-dual and anti-self dual parts. Discussions and an
appendix on reducing to four dimensions will be presented in the end.
3We will present the systematic study of reducing CHY formulas to four dimensions in [28] . See also [29]
for a related study.
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2 A Brief Review of CHY and KLT
The universal part of CHY formulas contains the so-called scattering equations [16, 17, 21]
Ea :=
∑
b6=a
sa b
σa − σb = 0, for a = 1, 2, . . . , n, (2.1)
where sa b = (ka + kb)
2 = 2ka · kb, σa is the ath puncture. The tree-level S-matrix of n
massless particles is written as an integral localized on the support of (2.1)
Mn =
1
vol SL(2,C)
∫ n∏
a=1
dσa
n∏
a=1
′ δ(Ea) In({σ, k, . . .}) =
∑
solutions
In({σ, k, . . .})
Jn
, (2.2)
where the precise definition of the integral measure including delta functions can be found
in [17], and In is the CHY integrand that defines the theory. In the second equality one
sums over (n−3)! solutions of (2.1), with Jn the Jacobian of delta functions. In particular,
the integrands for tree amplitudes in gravity, in Yang-Mills and a bi-adjoint φ3 theory
are [18]:
IGRn = Pf ′Ψn(ǫ) Pf ′Ψn(ǫ˜) , IYMn = Cn Pf ′Ψn , Iφ
3
n = Cn C˜n . (2.3)
The two ingredients are the Parke-Taylor factor which can be dressed with color factors,
PT(α) :=
1
σα(1),α(2) · · · σα(n),α(1)
, Cn =
∑
α∈Sn−1
Tr(T Iα(1) T Iα(2) · · ·T Iα(n)) PT(α) , (2.4)
and a 2n× 2n skew matrix Ψn that depends on polarization vectors 4:
Ψn :=
(
A −CT
C B
)
; Aa,b =
{
ka·kb
σa,b
a 6= b
0 a = b
, Ba,b =
{
ǫa·ǫb
σa,b
a 6= b
0 a = b
, Ca,b =
{
ǫa·kb
σa,b
a 6= b
−∑c 6=aCa,c a = b ,
(2.5)
Note that the matrix is degenerate since it has two null vectors, but we can define its
reduced Pfaffian by deleting two columns and rows among the first n:
PfΨn = 0 ; Pf
′Ψn :=
(−)a+b
σa b
Pf|Ψn|a ba b , with 1 ≤ a < b ≤ n . (2.6)
This definition is permutation invariant, and it has the appropriate SL(2,C) weight and
correct mass dimension, [mass]n−2 for producing Yang-Mills and gravity amplitudes via
(2.2) and (2.3). The most important property of Pf ′Ψn is that on the support of scattering
equations, it is invariant under gauge transformation ǫµa → ǫµa + αkµa [17]
After color decomposition, one obtains color-ordered, partial amplitudes, MYM(α), for
Yang-Mills and double-partial amplitudes, m(α|β), for bi-adjoint scalar theory, with PT
factors in the integrands. The field-theory limit of KLT relations can now be expressed as:
MGRn =M
YM
n ⊗KLT MYMn :=
∑
α,β∈Sn−3
MYM(α) m−1(α|β) MYM(β) , (2.7)
4Here the polarization tensor for gravity is ξµ ν = ǫµǫ˜ν , which is Einstein gravity coupled to a dilation
and an anti-symmetric tensor, in the field theory limit of closed string theory.
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where α, β are in a basis of (n− 3)! orderings [30, 31], and the KLT product of two sets of
amplitudes is defined as their bilinear with the kernel given by the inverse of the matrix
(n−3)! × (n−3)! matrix m [32]. It is a simple linear-algebra proof [20] that (2.7) follows
from (2.2) and (2.3), which applies to general theories. Given any theory with CHY formula
with its integrand of the form Itargetn = LnRn, we can define two sets of partial amplitudes
M
L(R)
n from CHY formula with integrands IL(R)n = PTLn(Rn) respectively. Then we have
a general KLT relations among these amplitudes, M targetn =MLn ⊗KLT MRn .
Now we can write down the general form of the CHY formula for these amplitudes from
higher-dimensional operators. Given that F 3 amplitudes have the same color-decomposition
as well as BCJ relations as Yang-Mills amplitudes, one can always write its CHY integrand
as the product of Cn (Parke-Taylor factor for partial amplitude) and a permutation invari-
ant object that depends on polarizations. Let us call this new object as Pn(ǫ), which must
also be gauge invariant, and have mass dimension higher than Pf ′Ψ by two. Now the KLT
relations formulated above immediately imply CHY formulas for M
O(α′2)
n , M
O(α′)
n . The
form of CHY integrands for these amplitudes are:
IF 3n = Cn Pn(ǫ) , IR
3
n = Pn(ǫ)Pn(ǫ˜) , IR
2
n = Pn(ǫ) Pf ′Ψ(ǫ˜) . (2.8)
In the remainder of the paper, we will present the result for Pn and study its various
interesting properties, such as soft limits and reduction to four dimensions.
3 A New Ingredient in CHY Formulation
In this section we will generalize Pf ′Ψn to the new object Pn. As basic requirements,
it must be permutation and gauge invariant, must have the same SL(2,C) weight and
dimension [mass]n. The most natural and perfect candidate would of course be PfΨn if it
had not been zero! Nevertheless, we will see that Pn can be built from PfΨn. Let’s first
give a natural decomposition of PfΨn into objects that already satisfy all the conditions
above individually. These will be the building blocks for our Pn.
This interesting decomposition was essentially introduced in [33]. From the definition
of Pfaffian and thanks to the special structure of 2n× 2n matrix Ψn, we can expand PfΨn
as a sum over n! permutations of labels 1, 2, . . . , n, denoted as p ∈ Sn
PfΨn =
∑
p∈Sn
sgn(p)Ψp =
∑
p∈Sn
sgn(p)ΨIΨJ · · ·ΨK , (3.1)
where sgn(p) denotes the signature of the permutation p and in the second equality, we use
the unique decomposition of any permutation p into disjoint cycles I, J, · · · ,K given by
I = (a1a2 · · · ai), J = (b1b2 · · · bj), · · · , K = (c1c2 · · · ck) ; (3.2)
each Ψp is the product of its “cycle factors” ΨIΨJ · · ·ΨK , which we define now. When the
length of a cycle equals one, its cycle factor Ψ(a) is given by the diagonal of C-matrix:
Ψ(a) := Caa = −
∑
b6=a
ǫa·kb
σab
, (3.3)
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and when the length exceeds one e.g. i > 1, the cycle factor is given by
ΨI = Ψ(a1a2···ai) :=
1
2 tr(fa1fa2 · · · fai)
σa1a2σa2a3 · · · σaia1
with fµνa = k
µ
a ǫ
ν
a − ǫµakνa . (3.4)
Here the trace is over Lorentz indices and fµν are the linearized field strengths of gluons.
Note that the decomposition is manifestly gauge invariant: for cycle factors with length
more than 1 (3.4), the trace of linearized field strengths is gauge invariant, while for 1-
cycles, (3.3), the factor is gauge invariant on the support of scattering equations.
The proof for the decomposition is elementary and we refer to [33] for more details.
Let us look at some examples to illustrate the procedure. For PfΨ2 we immediately have
PfΨ2 = C11C22 + (A12B21 − C12C21) = Ψ(1)Ψ(2) − Ψ(12) . (3.5)
In the second equality, C11C22 = Ψ(1)Ψ(2) corresponds to the permutation (1)(2); the terms
A12B21 and C12C21 have a common denominator σ12σ21, and the numerators combine to
k1·k2 ǫ2·ǫ1 − ǫ1·k2 ǫ2·k1 = 12 tr(f1f2), thus we have the desired cycle factor Ψ(12).
For PfΨ3, there are new building blocks of length 3, (123) and (321). Four terms from
the expansion of PfΨ3 corresponds to (123) with a common denominator σ12σ23σ31,
(123) : C12C23C31 − C12A23B31 − C23A31B12 − C31A12B23 , (3.6)
and similarly for (321) (with denominator σ32σ21σ13 = −σ12σ23σ31). Note that neither of
them is gauge invariant, but the sum of the two is: the eight terms of their numerators
nicely combine to tr(f1f2f3)! It is convenient to assign to each of them half of the trace,
i.e. 12 tr(f1f2f3), as the numerator. Thus we arrive at (3.4) as expected, and we have
PfΨ3 = Ψ(1)Ψ(2)Ψ(3) − (Ψ(1)Ψ(23) +Ψ(2)Ψ(13) +Ψ(3)Ψ(12)) + Ψ(123) +Ψ(321) . (3.7)
Given the decomposition of PfΨn as in (3.1), we can classify Ψp’s by the lengths of
its cycles {i, j, ..., k}. For example, in (3.7) the first term is of the type {1, 1, 1} as it is the
product of three 1-cycles; the three terms in the bracket are all of the type {1, 2}, and the
last two terms are {3}. The reason for doing so is of course to group together terms in (3.1)
of the same type, and write a manifestly permutation invariant decomposition of PfΨn.
Furthermore, note that the signature of a permutation is given by n minus the number of
cycles, so one can sum over all permutations of the same type with identical signs. Let’s
define permutation invariant building blocks as follows:
Pi1 i2 ··· ir :=
∑
|I1|=i1,|I2|=i2,··· ,|Ir |=ir
ΨI1ΨI2 · · ·ΨIr , (3.8)
which is a sum of Ψp’s for all permutations of the same type {i1, i2, . . . , ir}, with
i1 + i2 + · · ·+ ir = n , and the convention : i1 ≤ i2 · · · ≤ ir (3.9)
– 6 –
Here each P is by construction permutation invariant. Let’s again see some examples:
P11···1 = Ψ(1)Ψ(2) · · ·Ψ(n) = C11C22 · · ·Cnn ,
P12 = Ψ(1)Ψ(23) +Ψ(2)Ψ(13) +Ψ(3)Ψ(12) ,
P22 = Ψ(12)Ψ(34) +Ψ(13)Ψ(24) +Ψ(14)Ψ(23) ,
P13 = Ψ(1)Ψ(234) +Ψ(2)Ψ(134) +Ψ(3)Ψ(124) +Ψ(4)Ψ(123)
+Ψ(1)Ψ(432) +Ψ(2)Ψ(431) +Ψ(3)Ψ(421) +Ψ(4)Ψ(321) . (3.10)
With (3.8), (3.1) can be rewritten as a permutation invariant decomposition of PfΨn:
PfΨn =
∑
1≤i1≤i2≤···≤im≤n
i1+i2+···+im=n
(−)n−m Pi1i2···im . (3.11)
Let us spell out the decomposition for n = 3 (see (3.7)) and n = 4, 5:
PfΨ3 = P111 − P12 + P3 .
PfΨ4 = P1111 − P112 + P13 + P22 − P4 .
PfΨ5 = P11111 − P1112 + P113 + P122 − P14 − P23 + P5 . (3.12)
Note that each P and thus any linear combination of them immediately satisfy our condi-
tions above: correct SL(2,C) weight and mass dimension, permutation and gauge invari-
ance. PfΨn = 0 means that these building blocks are not all independent: (3.11) gives
linear relations between different P ’s. In the following, we will present a very special linear
combination that leads to the correct CHY formula F 3 amplitudes. Let us first present the
answer and then discuss its special properties.
It turns out one only needs to modify coefficients of (3.11) a bit to obtain Pn:
Pn =
∑
1≤i1≤i2≤···≤im≤n
i1+i2+···+im=n
(−)n−m (Ni>1 + c) Pi1 i2 ··· im , (3.13)
were Ni>1 denotes the number of indices in i1, i2, · · · , im which are larger than 1, or the
number of cycles with length at least 2; c is just any constant because we can add any
multiple of (3.11) without changing the answer. The formula can simplify when we choose
the constant c to be certain integers. For example, two convenient choices are c = −1 and
c = 0 respectively, and we have:
P3 = −P111 =− P12 + P3
P4 = −P1111 + P22 =− P112 + P13 + 2P22 − P4
P5 = −P11111 + P122 − P23 =− P1112 + P113 + 2P122 − P14 − 2P23 + P5
(3.14)
where in the first representation P11···1 is always present with −1 but any P with only one
index i > 1 are always absent (including Pn); in the second one P11···1 is always absent. To
give one more example, here is P6 with c = −1:
P6 = −P111111 + P1122 − P123 − 2P222 + P24 + P33 . (3.15)
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We have checked thoroughly that (3.13) gives correct F 3 amplitudes. First of all, one
can easily verify that for n = 3, 4, the formula reproduces correct amplitudes as computed
from Feynman diagrams. In the next section we will provide very strong evidence for its
validity, including checks for all helicities up to n = 8 and some all-multiplicity results.
Here we provide another important check, that is its behavior under soft limits.
Recall that in CHY formula for gravity and Yang-Mils, Weinberg’s soft theorem [34]
becomes manifest due to the simple soft limits of Pf ′Ψn. Let us take the a-th particle to be
soft, that is kµa = τqµ with τ → 0. The soft graviton and soft gluon theorems are guaranteed
by CHY formula in as long as we have Pf ′Ψn → CaaPf ′Ψn−1 + O(τ) where Pf ′Ψn−1 has
only hard particles. What is important here is that soft theorems are universal, thus apply
to amplitudes from higher-dimensional operators as well [12]. For this to work the soft
behavior of Pn must be identical to that of Pf ′Ψn. Let’s check this explicitly.
Note that in any term of Pn, a must be in one of the cycles, and there are two
possibilities. If it is a cycle of length at least 2, then in the numerator fµνa → O(τ) as
τ → 0 while the denominator remains finite, thus the cycle factor vanishes, Ψ(...a) → O(τ).
On the other hand, if it is in an 1-cycle then it remains finite
Ψ(a) = Caa = −
∑
b6=a
ǫa · kb
σa b
→ O(1) . (3.16)
For any Pi1i2···im with lengths of all cycles being at least 2, i.e. im ≥ im−1 ≥ . . . ≥ i1 > 1
(note that here Ni>1 = m), it vanishes as O(τ) in any single soft limit. Therefore requiring
Pn to have correct soft behavior cannot constrain coefficients of such terms at all.
On the contrary, the soft limit puts very strong constraints on those P ’s that have
at least one cycle with length 1, i.e. i1 = 1. In the ka → 0 limit only those terms with
a in an 1-cycle survive and dominate in the limit (other terms still vanish). Thus for
any single soft limit, P1,i2,...,im → CaaPi2,...,im where Pi2,...,im is the (n − 1)-point building
block with particle a removed. Note that in (3.13) the coefficients are determined by Ni>1
and independent of 1-cycles, thus P1,i2,...,im and Pi2,...,im have exactly identical coefficients.
Thus we see that (3.13) indeed satisfies (Pn−1 contains all particles except a):
Pn ka→0−→ Caa Pn−1 . (3.17)
In other words, Pn splits into two parts that behave very differently under soft limit
Pn =

 ∑
1=i1≤i2≤...≤im
+
∑
1<i1≤i2≤...≤im

 (−)n−m (Ni>1 + c) Pi1,i2,...,im , (3.18)
where the first part is essentially fixed by soft limit, namely the coefficients for any P1,...
must be the same as that for the P with 1 removed. This explains why the coefficient
should not depend on how many 1-cycle are there. However, we have seen that soft limits
put no constraints on the coefficients of the second part, which vanishes term by term.
We believe that correct behavior under factorization limits of Pn can completely fix the
coefficients of the second part. However, even without resorting to that, we will now show
that the coefficients in (3.13) are strongly constrained by another remarkable property of
Pn in four dimensions, namely it is orthogonal to Pf ′Ψn.
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4 Four Dimensions, Orthogonality and Self-Duality
In this section we study important properties of Pn in four dimensions. Details for the
reduction to four dimensions will be presented in [28]. As discussed in [21, 22] and briefly
reviewed in appendix A, in four dimensions, the (n−3)! solutions of scattering equations
fall into n− 3 sectors labeled by k′ = 2, 3, . . . , n− 2, thus (2.2) becomes a sum over sectors
and we define the contribution from sector k′ as T (k
′):
Mn =
∑
solutions
In
Jn
=
n−2∑
k′=2
( ∑
k′ sec.sol.
In
Jn
)
:=
n−2∑
k′=2
T (k
′)
n (4.1)
On the other hand, for massless particles with spin in four dimensions, we specify helicities
of the n particles, which can be divided into a set of particles with negative helicities, −,
and the complementary one +. We denote the helicity sectors by the number of negative-
helicity particles, k := | − | = 0, 1, . . . , n (| + | = n − k) and call the helicity amplitude in
this sector, Mn,k. A priori there is no relation between solution sector and helicity sector.
However, it is known that Pf ′Ψn vanishes unless k = k
′ (in particular it vanishes for
k = 0, 1, n−1, n), which means Yang-Mills and gravity amplitudes in helicity sector k only
receives contribution from solutions in sector k′ = k
T
(k′)
n,k = 0 , for any k
′ 6= k , ⇒ Mn,k = T (k
′=k)
n,k , for YM, GR, etc. (4.2)
Now we show that exactly the opposite is true for Pn, namely it vanishes for k′ = k, thus
T
(k′=k)
n,k = 0 , ⇒ MR
2
n,k = 0 & Mn,k =
∑
k′ 6=k
T
(k′)
n,k for F
3, R3, etc. (4.3)
The starting point of the reduction is the simple reduction of trace of linearized field
strengths in four dimensions for any assignment of helicities:
tr (fa1 fa2 · · · fax) =


2 〈a1a2〉 〈a2a3〉 · · · 〈axa1〉 , {a1, a2, · · · ax} ⊂ −
2 [axax−1] [ax−1ax−2] · · · [a1ax] , {a1, a2, · · · ax} ⊂ +
〈b1b2〉 · · · 〈byb1〉[pzpz−1] · · · [p1pz] , otherwise
, (4.4)
Here b1, b2, · · · , by are all the particles of negative helicity from a1, a2, · · · , ax with its
ordering unchanged and similarly p1, p2, · · · , pz are all the particles of positive helicity from
a1, a2, · · · , ax with its ordering unchanged. Note that tr (fa1 fa2 · · · fax) directly vanishes
if there is only one particle of negative helicity or only one particle of positive helicity in
a1, a2, · · · , ax. However we see that the remaining case still effectively vanish as we always
add up all permutations (see (3.8)) while
∑
{α}∈OP({b1,b2,··· ,by},{c1,c2,··· ,cz})
1
σ({α})
= 0 . (4.5)
Here the sum is over ordered permutations “OP”, namely permutations of the labels in
the joined set {b1, b2, · · · , by}, {c1, c2, · · · , cz} such that the ordering within {b1, b2, · · · , by}
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and {c1, c2, · · · , cz} is preserved. Therefore, in the sum of (3.1), we can effectively write
tr (fa1 fa2 · · · fax) in 4d in a remarkably simple way:
1
2
tr (fa1 fa2 · · · fax)→


〈a1a2〉 〈a2a3〉 · · · 〈axa1〉 , {a1, a2, · · · ax} ⊂ −
[a1a2] [a2a3] · · · [axa1] , {a1, a2, · · · ax} ⊂ +
0 , otherwise
, (4.6)
Motivated by (4.6), we recall the off-diagonal elements of the k × k matrix hk and
(n−k)× (n−k) one h˜n−k essentially introduced in [35] (see also [26, 27]):
hab =
〈ab〉
σab
a 6= b, a, b ∈ − , h˜ab = [ab]
σab
a 6= b, a, b ∈ + . (4.7)
As discussed above, it is clear that when we have any cycle factor with length at least 2,
effectively it reduces to the chain product of such off-diagonal elements in 4d:
Ψ(a1a2···ax) →


ha1a2ha2a3 · · · haxa1 {a1, a2, · · · ax} ⊂ −
h˜a1a2 h˜a2a3 · · · h˜axa1 {a1, a2, · · · ax} ⊂ +
0 otherwise
, (4.8)
To this point we have not used scattering equations or solution sectors in four dimensions.
As we prove in the appendix A, the really non-trivial part of the reduction concerns 1-cycle,
or the diagonal entries of C-matrix. Note that Ψ(a) = Caa is only gauge invariant on the
support of scattering equations, so it is not surprising that to reduce it nicely one needs to
use scattering equations in four dimensions.
We first discuss the k′ = k case: miraculously, by plugging in scattering equations in
k′ = k sector, Caa reduces to diagonal entries of hk or h˜n−k [35] depending on the helicity:
haa = C
−
aa = −
∑
b6=a
b∈−
tb
ta
〈ab〉
σab
a ∈ −; , h˜aa = C+aa = −
∑
b6=a
b∈+
tb
ta
[ab]
σab
a ∈ + . (4.9)
The details of the proof is given in appendix A; t’s and t˜’s are determined by scattering
equations in 4d but here we can just view them as free variables, and the important thing is
that each diagonal entry is a linear combination of off-diagonal entries in that row/column.
With diagonal entries of hk or h˜n−k defined as (4.9), now the reduction for Ψ(a1a2···ax) with
x > 1 or x = 1 (for k′ = k) are unified in one nice formula, (4.8).
Before we prove the vanishing of Pn in k′ = k sector, let us again return to our favorite
PfΨn, and first show the following identity as a warm up:
PfΨn = dethk det h˜n−k . (4.10)
Obviously both dethk and det h˜n−k vanish since they both have a null vector; this is
consistent with the fact that PfΨn vanishes due to the two null vectors. To show (4.10),
we decompose dethk, det h˜n−k in a way similar to that of PfΨn, e.g. for dethk we have
det hk =
∑
q∈Sk
sgn(q)hI1hI2 · · · hIs , with hI = h(a1a2···ai) = ha1a2ha2a3 · · · haia1 ,(4.11)
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where the sum is over all permutations of particles of negative helicity, i.e. q ∈ Sk and
I1, I2, · · · , Is are the cycles of the permutation q. We can further define
Hi1i2···iℓ =
∑
|I1|=i1,|I2|=i2,··· ,|It|=iℓ
hI1hI2 · · · hIℓ with i1 ≤ i2 · · · ≤ iℓ , (4.12)
then det hk can be rewritten as a sum of H and similarly works det h˜n−k,
det hk =
∑
{i}ℓ
k
(−)k−ℓHi1i2···iℓ , det h˜n−k =
∑
{˜i}ℓ˜
n−k
(−)n−k−ℓ˜H˜i˜1i˜2···˜iℓ˜ , (4.13)
where we have introduced shorthand notation for the summation range, {i}ℓk means i1 +
i2 + . . . iℓ = k and i1 ≤ i2 ≤ · · · ≤ iℓ and similarly for {˜i}ℓ˜n−k.
Both Pn and PfΨn are built from P ’s, so the key identity here is for the reduction of
the P ’s, which nicely follow from (3.8), (4.12) and (4.8):
Pi1i2···im =
∑
Hj1j2···jℓH˜j˜1j˜2···j˜ℓ˜
, (4.14)
where, recall that any cycle factor in P is only non-vanishing when all particles belong
to the same helicity set, thus the sum in P “factorizes” into sums in − set and those
in + set, which give H and H˜; the additional sum in (4.14) is over all distinct partition
of i1 i2 · · · im into two parts j1 j2 · · · jℓ and j˜1 j˜2 · · · j˜ℓ˜, with j1 + j2 + · · · + jℓ = k and
j˜1 + j˜2 + · · · + j˜ℓ˜ = n− k. For example, any P11···1 reduces to H11···1 and H˜11···1:
P11 · · · 1︸ ︷︷ ︸
n
k−→ H11 · · · 1︸ ︷︷ ︸
k
H˜11 · · · 1︸ ︷︷ ︸
n−k
. (4.15)
We have more examples for n = 4, k = 2 and n = 7, k = 3,
P22
k=2−→ H2H˜2 , P13 k=2−→ 0 ; P1123 k=3−→ H12H˜13 +H3H˜112 . (4.16)
Given (4.14), it is trivial to show (4.10) using (3.11) and (4.13). Although both sides
vanish, this is still an example of the remarkable simplifications in a given sector in four
dimensions: we see that most of the terms vanish and the number of terms are reduced from
n! to k!× (n−k)!. Along the same line but in a more non-trivial way, similar simplification
happens for the reduction of Pf ′Ψn which will be present in [28].
We turn to the reduction of Pn. By dividing Ni>1 in (3.13) into two parts Nj>1 and
Nj˜>1 (set c = 0) which depend on − and + sets respectively, and Pn reduces to:
∑
{i}ℓ
k
(−)k−ℓNi>1Hi1i2···iℓ

 det h˜n−k + dethk

 ∑
{˜i}ℓ˜
n−k
(−)n−k−ℓ˜Ni˜>1 H˜i˜1i˜2···˜iℓ˜

 .(4.17)
Thanks to the vanishing of det h˜n−k and dethk, we immediately see that Pn vanishes for
k = k′. Before proceeding, let’s provide a few explicit examples of (4.17) for P4 and P5:
P4 k=2−→ −H11H˜2 −H2H˜11 + 2H2H˜2
= −H2(H˜11 − H˜2) + (H11 −H2)(−H˜2)
= −H2 det h˜2 + deth2 (−H˜2) , (4.18)
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P5 k=3−→ −H111H˜2 −H12H˜11 +H3H˜11 + 2H12H˜2 − 2H3H˜2
= (−H12 +H3)(H˜11 − H˜2) + (H111 −H12 +H3)(−H˜2)
= (−H12 +H3) det h˜3 + deth2 (−H˜2) , (4.19)
It is a remarkable fact that Pn vanishes for k′ = k sector. As we mentioned before,
this property can be used to constrain the second part of Pn which are not constrained by
soft limits at all. Up to n = 8, we found that the constraints that Pn vanishes for k′ = k
sector for all helicity sectors uniquely fix all coefficients in Pn.
This property means that Pn is completely orthogonal to Pf ′Ψn in four dimensions.
For evaluating helicity amplitudes for Yang-Mills/gravity vs. those for F 3 or R3, one
always uses complementary set of solutions of scattering equations. This seems to be the
scattering-equation origin of the vanishing of 4d R2 amplitudes, which has a CHY integrand
Pn Pf ′Ψn. In general dimensions, the integrand is of course non-zero, but once we reduce
to four dimensions, it vanishes for every solution of scattering equations!
The derivation of (4.17) applies to any k′ 6= k case as well, with the only difference
being that the reduction of 1-cycle i.e. Caa needs to be modified. As shown in appendix
A, we can generalize the diagonal entries of the two matrices hk
′
k and h˜
k′
n−k depending on
the solution sector k′ and helicity sector k. The upshot is that (4.17) still holds for any
k′ 6= k sector with generalized matrices hk′k and h˜k
′
n−k. Just by inspecting the matrices, it
turns out that we again have dethk
′
k = 0 for k
′ < k and det h˜k
′
n−k = 0 for k
′ > k, thus for
any k′, only one of the two terms in (4.17) remain non-vanishing.
In view of this, it becomes very natural to divide the sectors into two groups: those
with k′ < k and those with k′ > k, and the question is does this separation means anything
sensible for F 3 and R3 amplitudes in four dimensions? The answer is affirmative: the sum
of contributions from the two complementary groups correspond to self-dual and anti-self-
dual amplitudes, respectively. Let’s write down this proposal for F 3 amplitudes:
M
F 3+
n,k =
∑
2≤k′<k
T
(k′)
n,k , M
F 3
−
n,k =
∑
n−2≥k′>k
T
(k′)
n,k , for k = 0, 1, . . . , n . (4.20)
An immediate consequence of (4.20) is that self-dual and anti-self-dual parts are orthogonal,
which implies the second part of the (1.4). These are very non-trivial relations from usual
representation of the amplitudes, but become totally obvious from (4.20). Given that their
KLT vanishes, it immediately follows that (4.20) also applies to R3 amplitude.
There is very strong evidence that (4.20) must be correct. First of all, it implies
the well-known fact that for k = 0, 1, 2, self-dual amplitudes vanishes (no k′ < 2) and
there are only anti-self-dual amplitudes, while for k = n, n−1, n−2 there are only self-
dual amplitudes (no k′ > n−2). To provide more non-trivial evidence for (4.20), we have
checked our proposal for self-dual, F 3+ amplitudes against [13] for all helicities up to eight
points. We have evaluated our formula numerically for solutions in all sectors of k′ 6= k,
and find that the self-dual amplitude is the sum of those sectors listed in Table 1.
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nk′ k
3 4 5 6 7 8
3 2 - - - - -
4 2 2,3 - - - -
5 2 2,3 2,3 - - -
6 2 2,3 2,3,4 2,3,4 - -
7 2 2,3 2,3,4 2,3,4,5 2,3,4,5 -
8 2 2,3 2,3,4 2,3,4,5 2,3,4,5,6 2,3,4,5,6
Table 1: Sectors contribute to the self-dual amplitudes M
F 3
+
n,k and M
R3
+
n,k
Our proposal suggests that there is a natural origin for self-dual and anti-self-dual
amplitudes from solution sectors of scattering equations in 4d. Note that individually T
(k′)
n,k
are not physical for general k and k′, since they can contain spurious poles, as is familiar
from the reduction of bi-adjoint φ3 to four dimensions [36]. The interesting thing is that
unlike in the scalar case where one has to sum over all sectors, here by summing over
subsets of sectors, namely those with k′ < k and those with k′ > k, we already obtain
physical amplitudes, M
F 3+
n,k and M
F 3
−
n,k , respectively.
There is a special case when we do not need to sum over sectors at all, and it also
serves as an important check of the proposal (4.20). This is the F 3− amplitudes with three
negative-helicity gluons, i.e. k = 3, which receives the contribution only from k′ = 2 sector,
M
F 3
+
n,3 = T
(2)
n,3 ; moreover it is well known that there is a just a unique solution in that sector.
To be concrete, let’s choose the three particles of negative helicity as p, q, r. Note that
for k = 3 and k′ = 2 the generalized version of (4.17) has the first term vanishes and the
second term evaluates to (the details are given in appendix A):
Pn = hpp hqq hrr det h˜2n−3 when k = 3, k′ = 2 . (4.21)
We can choose to generalize hrr then from (A.10) we can directly obtain hpphqq = 〈p q〉2/σ2p q
and hrr = t
2
r
tptqσpq〈pq〉
σ2rpσ
2
rq
. As explained in appendix A, the seemingly complicated factor
det h˜2n−3 is in fact canceled by a Jacobian factor det
′
h2det
′
h˜n−2 from the measure. Col-
lecting all ingredients and evaluating on the unique solution of k′ = 2 sector (A.16), we
obtain the remarkably simple “Parke-Taylor-like” formula for F 3+ amplitude
M
F 3+
n,3 (p
−, q−, r−) =
(〈pq〉〈pr〉〈rp〉)2
〈12〉〈23〉 · · · 〈n1〉 . (4.22)
5 Discussions
In this paper we studied tree-level amplitudes from higher-dimensional operators, including
the F 3 modification to Yang-Mills action, and those to Einstein gravity from bosonic closed
strings at lowest orders. We proposed new CHY formulas for these amplitudes, (2.8), and
all the modifications are naturally encoded in one new ingredient, Pn as given in (3.13).
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The reduced Pfaffian is the natural object for Yang-Mills and gravity amplitudes, and Pn
is the first genuinely new object that generalizes it for higher-dimensional operators. By
construction it is manifestly permutation invariant and gauge invariant, and has the correct
behavior under soft limits. Moreover Pn has very interesting properties in four dimensions
with a helicity configuration; it vanishes in exactly the only solution sector that Pf ′Ψn is
non-vanishing (4.3), and it is natural to divide the remaining sectors to obtain self-dual
and anti-self-dual parts of F 3 and R3 amplitudes, (4.20).
F 3 is not supersymmetrizable, which distinguishes it from any higher-dimensional op-
erators in open superstring effective action. As shown in [37], the polarization-dependence
of open superstring amplitudes is encoded in (n−3)! Yang-Mills color-ordered amplitudes:
Mopenn (1, 2, . . . , n;α′) =
∑
ρ∈Sn−3
F ρ1,2,...,n[α
′] MYMn (ρ) , (5.1)
where the sum is over (n − 3)! orderings, with scalar coefficients F ’s containing the full
α′-dependence. Therefore, at any order in the α′-expansion (see [38]), the amplitude always
admits a CHY representation with the reduced Pfaffian Pf ′Ψn (times a linear combination
of Parke-Taylor factors). To give a very nice example, let’s work out the CHY integrand
for gluon amplitude from F 4 operator at O(α′2) of the open superstring effective action.
This is the first supersymmetrizable correction to Yang-Mills theory, and the amplitude
with one insertion of F 4 has been studied in four dimensions [39] and in general dimen-
sions [40] from superstring theory. There is also an interesting observation that MHV F 4
amplitude is proportional to the famous all-plus amplitude at one-loop level [41]. It turns
out that F 4 color-ordered amplitude have a remarkably compact CHY formula
IF 4s.s.n (1, 2, . . . , n) =

 ∑
i<j<k<l
σij
sj,k
σjk
σkl
sli
σli

 PT(1, 2, . . . , n) Pf ′Ψn . (5.2)
which has been verified against the all-multiplicity result in [42]. The prefactor can be
viewed as a CHY D-dimension “uplift” of the spinor numerator
∑〈i j〉[j k]〈k l〉[l i] for all-
plus/MHV F 4 amplitude, which the formula reduces to for MHV helicities.
To all orders in α′, no new ingredient for polarizations is needed for amplitudes from
any operator from superstrings, which is in sharp contrast with Pn for F 3 amplitude! Our
results for F 3 amplitudes and the double copies may open up a new direction for encoding
more higher-dimensional operators in CHY formulation. Among other things, this can shed
new lights in understanding amplitudes from the bosonic string effective action along the
line of [43]. Besides, from our formulas we can obtain BCJ numerators for F 3 amplitudes,
similar to the Yang-Mills case in [18]. Along this line (also see [44] from string theory), we
hope to understand better the color/kinematics duality for F 3 and beyond.
The most intriguing feature of the new object Pn is its properties when reduced to
four dimensions. With the only exception of bi-adjoint scalar theory [36], every CHY
formula so far is only non-vanishing in one sector of the 4d scattering equations (for given
helicities), and they all nicely correspond to ambitwistor string theory [45] with worldsheet
supersymmetries [46, 47]. Pn is totally different and it is likely to correspond to correlators
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from some bosonic version of the worldsheet models. It would be highly desirable to find
such models. It would also be very interesting to see how these features in four dimensions
can be derived from some four-dimensional ambitwistor string models directly [35].
Our formula in gauge theory is for gluon amplitudes with a single insertion of F 3 oper-
ator, so it is also a formula for form factors in the soft limit. In the limit, it can be viewed
as a very non-trivial generalization of earlier four-dimensional results on form factors for
F 2 operator [48] and those in N = 4 SYM [49]. An outstanding open question in this direc-
tion is about extending the construction to include multiple insertions of operators. Last
but not least, recently there has been progress on loop integrands from scattering equa-
tions [50–54], and it would be highly desirable to see if our results can shed new lights on
obtaining integrated loop amplitudes in this formulation. In particular, the amplitudes we
studied here can be considered as counterterms for UV divergences of such loop amplitudes
(see very interesting recent studies of Gauss-Bonnet term in quantum gravity [55, 56]), and
it certainly deserves further investigations along this direction.
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A Details for Reducing the Formulas to Four Dimensions
As discussed in [22], the scattering equations, (2.1), were originally derived as the null
condition p2(z) = 0 with pµ(z) :=
∑n
a=1 k
µ
a
∏
b6=a (z − σb). In four dimensions, it is
equivalent to the existence of polynomials λ(z) and λ˜(z) with their degree added up to
(n−2), such that pαα˙(z) = λα(z)λ˜α˙(z). Then we get n − 3 different sets of 4d equations,
with the degree of λ(z) donated as k′−1 equal to 1, · · · , n−3 separately,
λ˜α˙b −
∑
p∈+′
λ˜α˙p
(b p)
= 0 for b ∈ −′, λαp −
∑
b∈−′
λαb
(p b)
= 0 for p = +′, (A.1)
Here −′ and +′ are arbitrary two sets of the n external particles, with their length equal
to k′ and n − k′ separately. The variables are σ’s and t’s, which can be combined into n
variables in C2, σαa =
1
ta
(σa, 1), and the two bracket is defined as (a b) := (σa − σb)/(tatb).
Each solution of (2.1) corresponds to a unique solution {σa, ta} of (A.1) for some
k′, with identical cross-ratios of the σ’s. For each k′, (A.1) have Eulerian number of
solutions, En−3,k′−2, and the union of them for all sectors give (n−3)! solutions of (2.1),
with (n−3)! =∑n−2k′=2En−3,k′−2 [21]. When reducing CHY formulas to 4d, it is convenient
to view (A.1) as a change of variables: we refer to λI=1,...,k, λ˜i=k+1,...,n and ta, σa as “data”
and (A.1) as writing λi=k+1,...,n and λ˜I=1,...,k in terms of the data. This is equivalent to
evaluation on the support of solutions in the k′ sector.
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Based on these considerations, now we derive the explicit expression when reducing
Caa to four dimensions. When a ∈ − and a ∈ −′,
Caa = −
∑
b∈−′, b6=a
〈ab〉[bµ]
[aµ]σab
−
∑
p∈+′
〈ap〉[pµ]
[aµ]σap
(A.2)
By plugging in the solutions in k′ sector, or equivalently a change of variable, we have
Caa = − 1
[aµ]
∑
b6=a; p
(〈ab〉tbtp[pµ]
σbpσab
+
〈ab〉tbtp[pµ]
σpbσap
)
= − 1
[aµ]
∑
b6=a; p
〈ab〉tbtp[pµ]
σabσap
(A.3)
In the second equality, we have taken the denominators together. Now it factorizes to two
factors −∑b6=a tb〈ab〉taσab and∑p tatp[pµ]σap[aµ] , where the latter equals to 1 according to 4d scattering
equations (A.1). Finally,
Caa = −
∑
b∈−′, b6=a
tb〈ab〉
taσab
(A.4)
While a ∈ − but a /∈ −′,
Caa = −
∑
p∈+′, p 6=a
〈ap〉[pµ]
[aµ]σap
−
∑
b∈−′
〈ab〉[bµ]
[aµ]σab
(A.5)
Plug in changes of variables, and now it comes out an extra term as p = a also contributes.
Caa = − 1
[aµ]
∑
p∈+′, p 6=a
b∈−′
(〈ab〉tbtp[pµ]
σpbσap
+
〈ab〉tbtp[pµ]
σbpσab
)
+
∑
b∈−′
〈ab〉tbta
σ2ba
(A.6)
The first term on the RHS vanishes following the trick as in (A.3), (A.4), it becomes
− 1
[aµ]
∑
p∈+′, p 6=a
b∈−′
〈ab〉tbtp[pµ]
σabσap
= −
∑
b∈−′
tatb〈ab〉
σab
∑
p∈+′, p 6=a
tp[pµ]
taσap[aµ]
= 0 , (A.7)
then we see that Caa only has contribution from the extra term, and we obtain
Caa =
∑
b<c
b,c∈−′
〈cb〉tbtct2aσbc
σ2baσ
2
ca
. (A.8)
Similarly we can work out the other two cases, and the final result is
Caa =


− ∑
b6=a; b∈−′
tb
ta
〈ab〉
σab
a ∈ − and a ∈ −′
−t2a
∑
b<c; b,c∈−′
tbtcσbc〈bc〉
σ2
ab
σ2ac
a ∈ − but a /∈ −′
− ∑
b6=a; b∈+′
tb
ta
[ab]
σab
a ∈ + and a ∈ +′
−t2a
∑
b<c; b,c∈+′
tbtcσbc[bc]
σ2
ab
σ2ac
a ∈ + but a /∈ +′ .
(A.9)
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Thus we can define the diagonal elements of the two (generalized) matrices hk
′
k and h˜
k′
n−k
as
haa = −
∑
b6=a; b∈−′
tb
ta
〈ab〉
σab
a ∈ − and a ∈ −′
haa = −t2a
∑
b<c; b,c∈−′
tbtcσbc〈bc〉
σ2abσ
2
ac
a ∈ − but a /∈ −′ (A.10)
and
h˜aa = −
∑
b6=a; b∈+′
tb
ta
[ab]
σab
a ∈ + and a ∈ +′
h˜aa = −t2a
∑
b<c; b,c∈+′
tbtcσbc[bc]
σ2abσ
2
ac
a ∈ + but a /∈ +′ . (A.11)
Considering the special case of MF
3
+
n,3, we find that Pn reduces to
Pn = hpphqqt2r
tptqσpq〈pq〉
σ2rpσ
2
rq
det h˜2n−3 when k = 3, k
′ = 2 . (A.12)
where the diagonal elements of the matrix h˜2n−3 are given by
h˜aa = −
∑
b6=a,p,q
tb
ta
[ab]
σab
, (A.13)
Thus we have seen that h˜2n−3 is nothing but the reduced matrix |h˜n−2|rr.
The 4d formula for the self-dual F 3 amplitude with k = 3 now reads
M
F 3
+
n,3 = 〈pq〉2
∫
d2nσ
vol GL(2,C)
∏
a6=p,q
δ2
(
λa − λp
(ap)
− λq
(aq)
)
× 1
(12)(23) · · · (n1)
hpphqqt
2
r
tptqσpq〈pq〉
σ2rpσ
2
rq
det h˜2n−3
det′ h2det′ h˜n−2
(A.14)
Here the four delta functions for p, q in (A.1) has been stripped as a delta function of
momentum conversation δ4(P ) and dropped, which leads to the prefactor 〈pq〉2. The two
reduced determinants det′ h2, det
′
h˜n−2 come as the Jacobian from rewriting scattering
equations (2.1) to 4d scattering equations (A.1). Luckily, det′ h˜n−2 cancels det h˜
2
n−3 in the
numerator since the two matrices h˜2n−3 and |h˜n−2|rr are identical:
M
F 3+
n,3 =
〈pq〉2
Jn,2
1
(12)(23) · · · (n1)
hpphqqt
2
r
tptqσpq〈pq〉
σ2rpσ
2
rq
det′ h2
1
t2r
=
〈pq〉2
Jn,2
1
(12)(23) · · · (n1)
〈pq〉2
(rp)2(rq)2
(A.15)
Here Jn,2 is the Jacobian of 4d scattering equations.
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The unique solutions for the scattering equations of sector k′ = 2 is given by:
(ap) =
〈pq〉
〈aq〉 , (aq) =
〈pq〉
〈pa〉 , (ab) =
〈pq〉3〈ab〉
〈pa〉〈qa〉〈pb〉〈qb〉 , (pq) = 1. (A.16)
Evaluating on this solution we obtain
1
(12)(23) · · · (n1) =
∏
a6=p,q〈pa〉2〈qa〉2
〈pq〉3n−8〈12〉〈23〉 · · · 〈n1〉
〈pq〉2
(rp)2(rq)2
=
〈rp〉2〈rq〉2
〈pq〉2 (A.17)
and the Jacobian of of 4d scattering equations becomes
Jn,2 =
∏
a6=p,q〈pa〉2〈qa〉2
〈pq〉3n−6 . (A.18)
Combining these factors we obtain the “Parke-Taylor-like” formula in the main text.
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